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Abstract

The precorrected-FFT has been used to rapidly evaluate N-body sums arising in electro-
magnetics and acoustics settings. It has, however, been historically limited to kernels that
satisfy a Green’s identity. In this work, we demonstrate that, using an improved version of the
method of proxy points, the precorrected-FFT can be used to efficiently compute N-body sums
with a wide variety of kernels. This algorithm requires no analytic information beyond point-
wise access to the kernel. Our examples include kernels from non-local PDEs, Matérn kernels,
anisotropic kernels, and the Green’s functions of high order PDEs. We also provide a detailed
algorithm for choosing the proxy points and spreading grid, as implemented in the new pcfft
package. We show these algorithmic choices result in favorable scaling when compared to other
kernel-independent fast summation methods. Finally, we use the algorithm to accelerate a wide
variety of integral equations solvers involving non-standard kernels, with applications in surface
scattering, geophysics, and microbial community formation.
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1 Introduction

In this work, we describe how the precorrected-FFT method [58, 59] can be used to compute N-body

sums of the form
u(x;) = E K(z;, —y;)o; (1.1)
'yﬁéfﬂi

for a very general class of kernels. Here, the kernel K : R? — C is a smooth function away from the
origin, and the source y; and target x; points are general point clouds in R?, where the ambient
dimension d is 2 or 3. N-body sums are ubiquitous in scientific computing, appearing in the numerical
discretization of integral equation formulation of partial differential equations (PDEs) [41, 51, 56, 29],
Gaussian processes [60, 1, 49, 70], spatial statistics [62, 14], molecular dynamics [44, 8], and many
other settings. These applications often require repeated calculation of eq. (1.1), for very large N,
which denotes the number of source points {y;};=1,.. ~ and target points {x;}i—1, .. ~. A naive
method of evaluating eq. (1.1) requires O(N?) work, while “fast algorithms” for this problem, our
method included, approximate the sum using a method requiring O(N) or O(N log(N)) work. It
is a nontrivial problem to approximate the N-body sum, because the kernel K is non-smooth (or
possibly diverging) when x; approaches y,;, which prevents the use of global function approximation
methods. At the same time, these kernels often decay slowly in ||&; — y;||, meaning interaction
distances are large and all N2 terms in the sum must be addressed. The precorrected-FFT method
[58, 59] achieves this by approximating the potential from general source points with an equivalent set
of charges on a regular grid, allowing the sum to be diagonalized with a pair of fast Fourier transform
(FFT) and inverse transform (IFFT) operations. The nonuniform to regular approximation is only
valid for sufficiently separated interactions, so interactions between nearby points must be “pre-
corrected”. While past work has focused on applying this method to individual PDE kernels, here
we propose a “kernel-independent” verson of the algorithm which can automatically and efficiently
apply to a broad class of problems given only pointwise access to the kernel. We also show how
the method can be applied to a more general class of kernels using a recently-developed extension
[3, 30] of the method of proxy points [72]. To emphasize the generality of the kernel-independent
precorrected-FFT method, we provide numerical examples solving integral and integro-differential
equations arising in biophysics, geophysics, and differential geometry.
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The precorrected-FFT method is algorithmically similar to grid-based Ewald methods [22, 36,
16, 44, 8], which also spread nonuniform points to a regular grid, apply a convolution in Fourier
space, and compute nearby interactions directly. For both precorrected-FFT and grid-based Ewald
methods, the computationally intensive step is a FFT/IFFT pair, meaning both methods scale
like O(N log(N)). The conceptual difference between our proposed method and grid-based Ewald
methods becomes apparent when one imagines the implementation. The prototypical five step Ewald
method [44] can only be implemented with a-priori knowledge of the kernel’s decay in Fourier space,
which determines the number of required Fourier modes, and, indirectly, the number of regular
gridpoints. The method we develop is complementary but serves a different purpose: a method
which can automatically and efficiently determine the number of gridpoints and Fourier modes
required for a user-specified error tolerance, using only pointwise access to the kernel. We envision
this will be particularly useful for applications in integral equation formulations of PDEs, in settings
where the Fourier transform of the integro-differential operator is complicated [3, 33], or the kernel
changes during the runtime of the algorithm [75, 68].

The precorrected-FFT method was originally developed by Phillips and White [58, 59] for the
analysis of integrated circuits. It has gained popularity in circuit analysis [37]. Tissari and Rahola
[63] use the method to accelerate forward solvers in a magnetoencephalography inverse problem in
brain imaging. One of the authors of the present work has used the method in studies of surface wave
interactions with floating plates and membranes [3]. The precorrected-FFT method has also been
used to accelerate computations in nonlinear hydrodynamics [71, 39], acoustic wave propagation in
shallow water [42], acoustic scattering by impenetrable obstacles [11, 57, 43], electromagnetic scat-
tering by perfect conductors [54, 53], and electromagnetic analysis of thin multilayered conductors
[65]. The precorrected-FFT method has been combined with a fast multipole method for large-scale
aerodynamic simulations of aircraft [69)].

Fast algorithms for kernel summation rely on analytic properties of the kernel K to form struc-
tured approximations of eq. (1.1) which can be exploited computationally. For instance, fast multi-
pole methods [31, 13, 73] rely on a multipole or similar series expansion of K, which allows for rapid
approximate interactions between sufficiently separated points. These methods incur complexity
O(N), and can adapt to highly-nonuniform distributions of points. Jiang and Greengard’s [38, 40]
recent dual-space multilevel kernel framework performs hierarchical kernel splits into smooth and
local kernels, efficiently handling highly-nonuniform point distributions.

While the fast multipole method enjoys an optimal computational complexity and adaptibility to
challenging distributions of points, grid-based Ewald methods are often preferable because the con-
stant factors implicit in the O(N log N) estimate are quite small, FFT software is highly-optimized
for modern computer architectures, and many point distributions of interest are relatively benign
enough that multiresolution schemes are not needed. In this paper, we show our kernel-independent
precorrected-FFT method enjoys the same qualities, which lead to large speedups when used in
integral equation solvers.

The remainder of this paper is organized in follows. In section 2, we describe the kernel-
independent precorrected FFT algorithm in detail and give theoretical and empirical evidence for our
choice of proxy points in various nonstandard kernels. A MATLAB implementation of the method
as described in this section is available at https://github.com/meliao/pcfft. We summarize the
complexity of the algorithm and run a series a scalability studies in section 3. In section 4, we pro-
vide a series of numerical examples where the precorrected-FFT is used to accelerate a wide variety
of integral equations solvers. Finally, we then conclude with some closing remarks in section 5.

2 Algorithm description

Fast algorithms for computing N-body sums with generic point locations tend to come in one of
two categories. The first, category, which includes the fast multipole method [13, 31] and Ewald
splitting schemes [22, 36, 16, 44, 8], leverage an analytical understanding of the kernel, and typically
explicit expressions, to achieve their speed. Leveraging this understanding gives these methods good
computational speed, but comes at the cost of being kernel-specific. The other category includes


https://github.com/meliao/pcfft

fast algorithms that leverage the fact that for most kernels of interest the function K (x — y) can be
well approximated by a low rank function for (y, ) in large swathes of the computational domain,
typically for y in a ball and « outside a larger ball. Sometimes this takes the form of polynomial
series approximations (e.g. [25]), but a more popular method for translation-invariant kernels K is
to build an approximation of the form

K-y~ Y K@—z)xiv), (2.1)

zZ; EE(?J)

where B(y) is a collection points near y. This approximation can be thought of as “spreading” out
the charge density o; — {xi(y)} and is the basis of a number of algorithms, including recursive
skeletonization [35, 47, 50], kernel-independent FMMSs [46, 34], and the precorrected-FFT method
[58, 59]. In the precorrected-FFT method, we lay down a regular grid of points z; that cover the
computational domain and choose A (y) to be a subset of that grid living near y. In section 2.2
we describe how we choose the subset and the equivalent weights x;(y) so that this approximation
eq. (2.1) holds for = that is well-separated from y. A major contribution of the present work is
establishing this approximation for kernels K which do not satisfy a Green’s identity.

If we neglect, for now, the fact that eq. (2.1) only holds for some x, we arrive at the approximation

u = Ka:<—zsyo'7

where (Kge2); ; = K(x; — z;) is dense, and Sy is a sparse matrix of the spreading weights x;(y;).
An equivalent approximation to eq. (2.1) will hold for . Nesting the two approximations yields a
sum of the form:

u(zk)

Z K(z, —yi)o

Y FTy

Z Z Z K(z; — zi)x;(zx) | xi(y1) | o1,

YFTe \z;€B(y) \z,€B(zk)

%

where again, we are temporarily ignoring the “well-separated” condition for eq. (2.1). This nested
summation can be organized into the composition of the “spreading” operation, a kernel summation
on the approximation points z;, and the adjoint of another “spreading” operation:

ux S, K,. ,Syo (2.2)

The advantage of this expression is that the only remaining dense matrix, K,. ,, has a multilevel
Toeplitz structure because the z;’s form a d-dimensional grid. This allows us to apply it quickly
using a zero-padded fast Fourier transform [26]:

K. .v= f_l-[?z-:zfvv

where F is a zero-padded d-dimensional fast Fourier transform, F~! is its inverse, and I@ is the
Fourier transform of K evaluated on the regular grid. Figure 1 shows the structure of the operators
used to compute the approximate N-body sum in eq. (2.2).

Of course, the approximations required to arrive at eq. (2.2) are only valid when x and y are
sufficiently well-separated. To that end, we introduce another sparse matrix, A, which corrects the
interactions of nearby points where eq. (2.1) was used erroneously. Thus, our approximation for
general sets of source and target points is

u~x S, K, ,S,0+ Ac. (2.3)

Algorithm 1 describes how we evaluate the N-body sum once the matrices S Sy, /ZZ, and A

are pre-computed. We describe the process of computing A in section 2.1. We discuss our method

for choosing the regular grid z; and spreading weights x;(z) in section 2.2. We test these spreading

algorithms in section 2.3 and introduce a method for applying the same approximation to derivatives
of the kernel in section 2.4.



Algorithm 1: PCFFT_APPLY

Input: spreading matrices Sy, Sy; padded discrete Fourier transform of kernel I?z:z;
correction matrix A; source weights o .
1 Spread sources to the regular grid Syo

2 Evaluate discrete Fourier transform of sources IFFT (I?z:z - FFT (Sya))
3 Interpolate from regular grid to targets S, IFFT (Iz:z -FFT (Sya))
4 Correct near interactions Ao
5w+ S IFFT (Iz:z -FFT (Sya)) + Ao
Result: u

ST

o IFFT ] o FFT o

Figure 1: The matrix decomposition in eq. (2.2), read right to left: Sy (orange) is sparse with contiguous nonzeros per

row; K (green) is diagonal, holding the Fourier transform of K on the grid; and S;r (orange) is sparse with contiguous
nonzeros per column.

2.1 Corrections for nearby targets

The first term in eq. (2.3) applies a far-field approximation to all of the pairs of points (z;, y;), but
is only valid for those pairs of points which are “well-separated”. To identify these points, we split
the computational domain up into regular sized “spreading bins” with side length 2h. For any point
y in a spreading bin B, C R?, we will spread y to all the regular grid points that live in a “spreading
box”, By, which is twice the size of the spreading bin; see fig. 2a. We will say that a point a is
well-separated from By, if it is at least a distance p; = 2v/dh from the center of By. In other words,
we will demand that eq. (2.1) is valid for « a distance p; from the center of Bj. Equation (2.2) will
therefore be valid when every point in B(zxy) is well separated from every point in B(y;). We can
correct the errors made by eq. (2.2) by subtracting the contribution of this approximation for all
pairs of points belonging to spreading bins whose centers lie within 2p; of each other (fig. 2b) and
then adding the correct contributions.

Remark 1. A careful examination of fig. 2b will show that we can actually use eq. (2.2) for bozes
that are slightly closer than 2p,. We give ourselves the extra margin for stability, as it does not
substantially increase the cost of the algorithm.

In order to compute these contributions, we let
Ni ={z € B, | Bjis near By}

be the neighborhood of the spreading bin By. To evaluate the contribution of nearby points to
eq. (2.2), we construct a template for evaluating the kernel from a spreading box B to a neighborhood

N:
(KNeE)i,j = K(z; — z),

where the points {z;} are the regular discretization points in V;, and the points {z;} are the regular
discretization points in Bg. Due to the translation invariance of the kernel K(-), we only need to



precompute this matrix once, and we can use it for all bins Bj. We can now compute the correction
matrix A:

A(Ikajk) = Dk - Sm(:vzk)TKNHESy(:aJk)’

where 7, is the set of indices for target points x; in neighborhood Ny, Ji is the set of indices for
source points y; in spreading bin By, Dy, is the matrix of direct interactions between these points,

and all other entries of A are zero. Algorithm 2 summarizes this process of computing the correction
matrix.

Ngpread POINtS

A G
Spreading bin B

. . . . .

Spreading box B

(a) The geometry of a spreading bin and box. (b) Hlustrating the neighborhood of a spreading bin.

Figure 2: Figure 2a: the geometry of the spreading operation. Source or target points (red dots) belonging to the
spreading bin are spread to the regular grid points (black dots) in the spreading box. The proxy surface is a constant
radius p; away from the center of the spreading box. In this subfigure, nghen = 1, nproxy = 18, and ngpread = 7-
Figure 2b: our criteria for nearness is whether the inner proxy surfaces of two spreading bins intersect. The proxy

surfaces of a few bins are shown in blue. The spatial support of bin By is shown in orange, and the spatial support
of its neighborhood N/}, is shown in pink.

Algorithm 2: COMPUTE_CORRECTION

Input: Target points {x;}i=1,.. n,..; source points {y;};=1,...N,..; spreading matrices
Sy, Sz; neighborhood template K ., z; kernel K(-).
Initialize A to zero.

for Bin By, € {B1,Bs,...,Bn,,,} do
Let 7, index the target points in the neighborhood of By.
Let J), index the source points in spreading box Bj,.
Compute exact interactions D; ; = K(x;,y;) for each x; € Zy, and y; € Jy.
Compute approximate interactions Sz(:, Jx) " K, 5Sy(:,Zr).
Add and subtract these matrices to the sparse matrix
A(Ik, jk) «~ D — Sm(:, Jk)TKAR_ESy(7Ik)
Result: A

N o ok W

2.2 Finding the spreading parameters

This section discusses how we automatically choose how many discretization points z; live in each
N (yi) and how to find the equivalent charges x; so that eq. (2.2) holds for well-separated points.



This method is designed so that for any distribution of source points y; in a spreading bin By, we
can automatically map charges o to equivalent charges x supported on the pre-selected grid points
z; € 67k

First, we choose h, the half side length of the spreading bin so that each points has around np,;
points in its bin. This parameter can be chosen to balance the cost of the FFTs against the cost
of the sparse corrections A (discussed below in section 3). We find h by constructing an adaptive
hyperoctree of the union of source and target points such that no leaf box has more than nyp,/ 2d
points. We then set h to be

_ 1/2
h Npts _
/r ( n ) d=2,
=9 - 1/3 1/3 )
h 3V Npts _
4ﬁ ( 4 ) ( n ) d - 37

where h is the mean leaf box side length, and 7 is the mean occupancy of each leaf box. In
our implementation, we construct the adaptive hyperoctree using the utility provided in the FLAM
package [34].

Once we have determined h, and so the bins By, we turn to finding spreading weights x. Given
a user-specified error tolerance €, source points y € By, and target points & that are well separated
from the spreading bin, we want weights x which satisfy

||Km<—zx - Km(—yUHQ
[ Kzeyo|2

(2.4)

To find these weights, we introduce a set of “proxy points”, p;, living outside of the spreading box
Bj. The proxy points give us a set of target points, at which the kernel evaluations must match
between the original charges and the equivalent charges. This constraint can be written as the linear
problem for x:

Ky .x =Kpyo. (2.5)

We choose x as the minimum ¢5 norm least squares solution of this equation by computing a complete
orthogonal decomposition of Kp. ., thresholding with tolerance €, and computing the least-squares
solution.

The idea of using proxy points has a long history in the development of kernel-independent
FMMs and broader classes of kernel matrix approximation methods; see [72] for an overview. The
use of proxy points is also standard in pre-corrected FFT algorithms. Phillips and White [58, 59]
use proxy points supported on a sphere to define a set of linear constraints, which is solved in a
least-squares sense via the pseudoinverse computed with the SVD. Error analysis is provided for
Helmholtz and Laplace kernels. Nie et al. [53] uses the same method applied to the electric field
integral equation kernel, which includes a derivative. Bruno and Kunyansky [11] use proxy points
on a sphere for the single- and double-layer Helmholtz kernels. Ye et al. [72] analyze the accuracy
of the proxy point method for the Laplace kernel when the proxy points are chosen uniformly on
the proxy surface; in this case they show the approximation error converges exponentially with the
number of proxy points.

In all of these works, the proxy points are arranged on a single curve or surface. A PDE stability
theorem or Green’s identity can be used to show that this is enough to guarantee accuracy of eq. (2.1)
outside of that shell. Indeed, if the proxy points form good interpolation nodes (we use equispaced
points when d = 2 and Fibonacci spiral points when d = 3), eq. (2.5) will guarantee that

K(z—y)— Z K(z — zi)xi(y), (2.6)

z, €N (y)

is a solution of the PDE with small Dirichlet data determined by the interpolation error. This will
guarantee that it is small for all & outside the shell. For kernels based on higher order PDEs, PDE
stability theorems require more than just Dirichlet boundary data. We discuss how we handle this
case in section 2.4.



For kernels that do not arise from a Green’s function of an elliptic PDE, we can not expect
sufficient accuracy when using a single proxy surface. Instead, we enforce agreement on a set of
Nshell proxy surfaces, with radii pi. We choose p; in the same way as described above and choose
the remaining shells spaced so that 1/p are second-kind Chebyshev nodes. If {xj}r—a,. are
the second-kind Chebyshev points on the interval (—1,1), then the radii are

-Mshell

21 _ 2p1
T+ 1 og (L_l)” ) +1

Nshell — 1

Pr = k=2,..., Nshell

This choice is motivated by [30, Thrm. 4], where the authors phrase the approximation eq. (2.1)
as interpolation problem of each angular Fourier mode of K (- — y). They use this framing to show
that if K is some combination of derivatives of log(-) in R?, then choosing the shells to be reciprocal
Chebyshev nodes guarantees spectral convergence in the approximation eq. (2.1) as ngnen grows, up
to the error determined by the number of nodes on each shell, np;oxy. Their proof technique can be
directly extended to other kernels that have multipole expansions in a lower dimension and we find
this choice works well for all of the kernels considered in this work. We add the extra shell at p; for
stability and to provide uniformity with the single shell case. We find our choice is an improvement
over the method suggested by Askham et al. [3], who choose py so that 1/p; are equally-spaced.
Ultimately, our algorithm has three kernel-specific parameters: the number of grid points per
box in each direction, ngpread; the number of proxy points on each shell, nproxy; and the number of
proxy shells, ngpen- See fig. 2a for an example of these parameters. For individual kernels, analysis of
multipole expansions allow us to derive how these parameters scale with tolerance ¢, using arguments
similar to those in [30]. These estimates are listed in table 1 for a few representative examples.

Kernel

d Nspread Nproxy Nshell
log(r) 2 O(]log e|1/2) O (|logel) 0o(1)
log(r) 3 O(|loge) 0 (|logel?) O (|logel)
1/r 3 O(|logel*?) O(llogel?) 0O(1)

Table 1: The dependence of ngpread, Nproxy, and nghen on € for a few representative kernels.

While estimates exist for particular kernels, we use a purely empirical approach to choosing
(Nspread; Mproxy; Nshell) il this work, which we find to be robust and efficient. First, we choose npyoxy
so that K(p — y;) is a well resolved function of p on the shell of radius p; for a few sources y;
by checking the Fourier series or spherical harmonic tails in two or three dimensions, respectively.
We do this using 117 random y; inside a box with half side length h, as well as its corners. We
then compute the coefficients of a series expansion of K(p — y) in a Fourier series (d = 2) or a
spherical harmonic series (d = 3); we ensure there are enough discretization points p to capture the
tails of this series. In both cases, we give ourselves a margin to account for the Lesbegue constant
of the interpolation by multiplying the minimal npyoxy by (4/ 3)4=1, which corresponds to enforcing
accuracy if we chop off the last quarter of the orders in the Fourier or spherical harmonic series
expansion of K(p — y).

Once we have determined nproxy, we sweep through possible pairs (Nispread; Rshen) looking for an
allowable pair. For each proposed ngpread, We sweep up in nghen to see if eq. (2.4) is satisfied for 500
targets points with random radii in (p1,2p;1) and spread uniformly in angle. If none are found for
Nshell less than some maximum (typically 20), we increase ngpread by one and then sweep through
nshell again. If the kernel is known to satisfy a Green’s identity, then we force ngnep = 1 and simply
sweep in Ngpread- Our algorithm for computing (nspread, Mproxy, Mshell) is summarized in algorithm 3.

Remark 2. We will see below (e.g. in fig. 4b) that this algorithm can occasionally lead to large nghen
when a given Ngpread 15 barely enough to achieve a tolerances. We have found that this large ngnen
can be avoided by checking if there is a smaller number of shells that works with Nepread + 1 grid
points in each direction. In practice, we use algorithm 3 as it yields the smallest Nspread, Which has
a bigger impact on the code speed.



Algorithm 3: NSPREAD_NPROXY_NSHELL

Input: Spreading bin sidelength h; proxy radius p; requested tolerance €; kernel K (-);
multishell flag.

1 If multishell, npyax < 20, else Npax < 1.

2 y + 117 points randomly sampled uniform on [—h, h]¢ and append the corners.
3 Find nproxy that resolves K (p — y) on the first proxy shell.

4 Ngpread < 1.

5 MNghell < 1.

6

While eq. (2.4) is unsatisfied, increase ngnen. If Nsheil > Mmax, Nspread — Nspread + 1 and
return to step 5. If ngpreaa > 100, abort.
Result: Nspread; Mproxy; Tlshell-

—--Lap 2D —=-Helm 2D, k£ = 1.0 -+ Helm 2D, k = 5.0
—~+-Lap 3D —+Helm 3D, k£ = 1.0 -»-Helm 3D, k£ = 5.0

—|loge| --log’e /| log €]

(a) Mproxy versus e (b) Mgpread versus e

Figure 3: The selected nproxy (3a) and ngpreaa (3b) for the Laplace and Helmholtz Green’s functions in 2D and 3D,
as functions of the tolerance e.

2.3 Proxy point tests

In this section, we test algorithm 3 and demonstrate how ngpread, Nproxy, and nsnen depend on e
for a variety of different kernels. In all of the experiments we choose the half side length h = 1.
In fig. 3, we show how 7,roxy and Ngpread depend on the tolerance for the Laplace and Helmholtz
Green’s functions in 2D and 3D. As predicted in table 1, we see that npexy scales as |loge| in 2D
and log? € in 3D, and that Ngpread ErOws a rate between /| loge| and |loge|. We also see that ngpread
increases with the frequency of the Helmholtz problem. In fig. 4 we repeat this experiment, but
we swap the domain dimensions. This time the kernels do not satisfy Green’s identities and so we
run the algorithms in multi-shell mode. The figure shows that nproxy and nghen behave in a similar
dimension-dependent way. We also see that the number of shells grows roughly as |loge| as the
tolerance shrinks and that three dimensional kernels in 2D generally need a few more shells. The
figures also show that the interaction rank with these kernels is slightly higher in this experiment
than the previous one, as is exhibited by the increased ngpread @and number of proxy points. The
large ngpen at € ~ 1074 can be prevented using the approach described in remark 2.

Having tested the algorithm’s performance on the Laplace and Helmholtz Green’s functions,
we now move to a broader class of kernels. In fig. 5 we run an equivalent test for the Matérn
kernel in 2D, which is written in terms of the modified Bessel function of the second kind as
Cy(r) = %1(_;) (2y/vr)’K, (V2vr) and is a standard kernel in geospatial statistics (see [14] and the
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Figure 4: The selected nproxy (4a), nshenl (4b), and ngpreaa (4c) for the Laplace and Helmholtz Green’s functions
in 2D and 3D in the swapped dimension, as functions of the tolerance e. For example, the figure legend “Lap 2D”
indicates K(x —y) = m for x,y € R2.
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Figure 5: The selected nproxy (52), Nshell (5b), and ngpread (5b) for the Matérn kernel Cp, and Struve function Ko(p )
in 2D, as functions of the tolerance e.

references therein) and the Struve function Ko(pr) [17, eqn. 11.2.5] in 2D, which occurs in surface
wave problems (see [4]). In fig. 6 we also test Gaussian kernels with covariance

2 11
1 /2 1 1
2D 16 (1 3> a1 3D 16 L1 3

in 2D and 3D respectively, and f(r) = sinr/(r + 7?). Both tests show that the number of shells
again grows slowly with decreasing tolerance and that np,oxy grows logarithmically. Figure 8c shows
our method attains high accuracy on these kernels which do not arise from the Green’s function of
an elliptic PDE.

As our final experiment in this vein, we test our algorithm on higher order equations, namely
equations defined by increasing powers of the Laplacian. This time a single shell is sufficient, but
we also enforce agreement of some radial derivatives (n — 1 derivatives for A™) at our proxy points.
Figure 7 shows that the higher order equations require a slightly higher nproxy and ngpreaq- The
spike in Mproxy for the smallest € is caused by the error in the finite difference scheme we used to
compute the radial derivatives.

2.4 Derivatives of the kernel

Many N-body calculations involve source or target derivatives of the kernel. Indeed, almost all
boundary integral equation methods require them. Part of the power of the proxy point method,



10*

.
——
e
T~
e ~—
2100 .Y E
3 S <
10° = 10° - -
10710 10°° 10710 1079 10710 10°°
€ € €
—-Gaussian 2D -=-Gaussian 3D -~ f(r) aniso 2D —-f(r) 3D —|loge| - - log? e -/|log EH
(a) mproxy versus € (b) Mghen versus e (C) Ngpread Versus e
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Figure 8c shows the accuracy of the N-body sum for these examples.
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Figure 7: The selected mproxy (7a) and mgpread (7b) for the Green’s functions for the Laplace, biharmonic, and
triharmonic problems in 2D and 3D, as functions of the tolerance ¢. Because these kernels all arise from Green’s
functions of elliptic PDEs, we use ngpenn = 1.

is that when approximation eq. (2.1) holds for the original kernel K (x,y), we can expect a similar
approximation to hold for the derivative of the kernel K'(z,y) = n(y) - VK (x,y). More formally,

let Wy be the set of points @ that are at least p; away from the center of spreading bin By. Then
the set of functions f such that

diste, (w,) (f; span{ K (- — z;) | z; € Br}) <e

is a closed subset of C,(Wy) (the set of bounded continuous functions) in the sup norm. Thus, if K
is decays at infinity and is smooth enough that

i, B(@ = (y + hn(y))) - K(z —y)
h—0 h

converges to n(y) - Vy K (x — y) in Cy(Ws), then its derivative will also admit the low rank factor-
ization. This result gives us the following theorem.

Theorem 1. If K is a kernel that is bounded outside the ball B and admits a low rank factorization
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of the form eq. (2.1) in Cy(Wy), then for all € > 0 there exists a spreading grid such that

sup n(y) - VyK(x —y) — Z K(x—zi)xi(y)| <e (2.7)
ZEWK 2 €N (y)

for some weights x;(y), for all y € By. Similar expressions hold for other derivatives of K.

For kernels that grow at infinity, the same argument works if we weight the norm of C(Wy)
appropriately. Numerically, we first determine the number of proxy points required without any
derivatives using algorithm 3, then find the weights x; by enforcing eq. (2.7) at those proxy points.
After they are known, we can compute N-body sums using a very slight modification of algorithm 2
and eq. (2.3).

To test the effect of these derivatives on the accuracy of our algorithm, we run two experiments.
In both, we measure the relative ¢, error in the N-body calculation for 2,000 sources and 2,017
targets with a uniform random distribution in the unit box. In the first experiment (fig. 8a), we use
our algorithm to compute N-body sums for derivatives of the Laplace Green’s function, G,

ks(z,y) =Gr(z —y), kp(z,y)=-n(y) VGL(z —y),
and kp(x,y) = —n(x) V(n(y) - VGL(x —y)).
We see that the derivatives can decrease the accuracy, likely because the spread charges are larger,
but the error still scales with the tolerance.

As a second experiment, we explore the accuracy in the kernels that arise when using a standard
integral equation method for the flexural wave equation with clamped plate boundary conditions
[52, 45, 23]. If £2 is a compact subset of R? with a smooth boundary, then these equations can be
stated as

(A% — kYu =0 in R?\ £,
U= g on 02, (2.8)
Ontt = go on 012,

where m is the unit normal to 92, and g; and go are Dirichlet and Neumann boundary data,
respectively. The integral equation is built out of the flexural Green’s function, which satisfies

(A2 — kYGp = 6.

The kernels that occur in the integral equation formulation are

GF 3 2 2 2
kpc = [8n(m)GF] , krep = [8n(y)GF + 38n(y)87(y)GF —On(y)GF + aT(y)GF} ,
and  kpg = 837.(y)GF + 38n(y)8-2r(y)GF —8,21(y)GF + 83(y)GF
On() D () GF + 30 (2)On ()07 () G —On(2)0s () GF + On(a)02 () G F

where 7 is the unit tangent to 0f2. In fig. 8b we see that we achieve accuracy that scales with the
tolerance for all of these combinations of derivatives, though the accuracy is not always below the
tolerance.

3 Complexity

Here we will discuss the complexity of the precorrected-FFT method as it scales with Npg. In
the previous section, we saw that the spreading parameters (nspread,proxy,Nshell) Scale at most
polylogarithmically with e. These spreading parameters are purely a function of ¢ and the kernel
with no dependence on Np. Here we analyze the complexity for fixed settings of the user inputs
€, Nnbr, and K ().

11



10°

10° 100

f(r) 2D
5| |=#=f(r) 3D sAnTi= T

y - o
/"‘
-
15 107 5
10 1010 105

101 10°° 1071 10°°
€ €

—eo— Gaussian 2D
—= -Gaussian 3D

10-°

relative error

relative error
elative error

1.
=
=)

10-10

€

(c) Gaussian and f(r) = Sz

(a) Laplace kernels (b) Clamped plate flexural problems r+r?

Figure 8: Relative o error in the N-body sum versus the proxy tolerance e for derivatives of the Green’s function
for Laplace’s equation in 2D and 3D (8a), in a representation for the flexural boundary value problem with clamped
plate boundary conditions and wavenumber k = 10 (8b), and the anistropic examples (8c).

The complexity of executing algorithm 1 is O(Npslog Npis). This can be seen because A has
O(Nptsnnby) entries, the regular grid has O(Nptsngpread /Mnbr) grid points, and each sparse spreading
operator has O(Nptsngpread) nonzero entries. The dominant cost in algorithm 1 is therefore the
FFT/IFFT pair, so the overall complexity scales as O(Npslog Npis). The following theorem shows
that the precomputation steps have complexity O(Npislog Npis) as well.

Theorem 2 ([59]). Suppose Nnbr, Nspread, Nproxy, ANd Nshen are fized. For points spread uniformly in
a compact subset of R?, the pre-computation cost of before we can run Algorithm 1 is

d d d d
0 (Nptsnspread/nnbr ’ 1og(NptSnspread/nnbr) + NPtSnspread(nmeynShell + Nspread + nnbr)) .

Further, the cost a single evaluation of the N-body calculation using Algorithm 1 is

O(Nptsngprcad/nnbr : log(NptSngprcad/nnbr) + Nptsnnbr)~
Proof. The precomputation involves four mains steps.

1. Determining nproxy and ngpreaq through Algorithm 3, which is independent of Ny, but can
have non-trivial cost for generic kernels.

2. Computing the spreading operators S, and S, requires solving Ny least-squares prob-
lems with the same ngpread X Nproxy Matrix. Since Ny is large, the dominant cost will be

d
O<Npts * Nproxy * Mshell * nsprcad)'

3. Computing the near-field corrections will cost O(Nps - Tnbr) to get the correct interactions
and O(Npts - n g - (Mubr + 1 00q)) to subtract the incorrect value given by the spreading
operators.

4. Since the points are spread quasi-uniformly the number of spreading bins will be O(Nps/Mnbr)-
Evaluating the Fourier transform of the kernel will therefore scale like

O(Nptsngpread/nnbr ' log(NPtSnsdpread/nnbr))7

as the number of grid points scale with the number of bins and the number of grid points per

d
box, Nepread:-

Adding up the costs of these steps gives the result.

In a single application of Algorithm 1, we apply two sparse matrices with O(Npys - nippy) entries,
use two FF'Ts, and apply a diagonal matrix. Summing these costs gives the cost of a single matrix
apply listed above. O
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The above theorem indicates that the algorithm is fastest when ngpread R NpbrNshell, though the
optimal choice will depend on the computer architecture and memory movement considerations. It
is easy to see that the memory required to store Sy and S are Nptsngpread, the cost to store the
corrections is O(Npgsninbe), and the cost to store the grid variables is O (Nptsngpread / nnbr) . Adding

these up gives the following theorem.

Theorem 3. The memory cost to use Algorithm 1 is O (Nptsngpread + NptsTnbr + Nptsngpread/nnbr).

3.1 Scalability

In this section, we measure the performance of our method as Np¢s grows, and compare the perfor-
mance with other fast N-body summation methods.

Compute environment We perform our tests on a MacBook Pro, with an Apple M4 Max processor,
64GB of random-access memory, and MacOS version 26.5. For all experiments, we use the Apple
Accelerate framework as the default BLAS implementation. Most experiments are driven from the
MATLAB compute environment version R2025b. The 2D and 3D scaling experiments are conducted
using a single thread, and the other experiments and numerical examples are conducted using multi-
threading.

2D scaling First, we experiment in two spatial dimensions, when K is the single-layer kernel from
the freespace Helmholtz equation:

T
K(z,y) = ;Hy" (klz ).

where Hél) is the Hankel function of the first kind and order 0, and the wavenumber k = 50. We
choose a “quasi-uniform” distribution of source and target points by successively adding smooth
starfish-shaped curves to the domain [—10,10]?. Each starfish-shaped curve is discretized with
about 1,200 points. We compute eq. (1.1) with tolerance ¢ = 107°. As we increase the number of
source and target points, we measure two notions of runtime. First, we measure the time required
to compute the full sum eq. (1.1). Second, we measure the time required to apply a new charge
vector o, after any necessary precomputations are finished. This notion of runtime is pertinent in
an integral equation setting, when eq. (1.1) must be evaluated for dozens or hundreds of new charge
vectors o over the course of an iterative algorithm.

Figure 9 shows the result of this comparison experiment. We compare the performance of different
methods: PCFFT, our pure-MATLAB implementation of our kernel-independent pre-corrected FFT
method; FMM2D [27], a Fortran code called from MATLAB implementing the fast multipole method
for the Helmholtz kernel; and IFMM [34] a pure-MATLAB implementation the interpolative fast
multipole method [48], run with default flags and far-field proxy functions. Among these methods,
FMM2D is the only one designed with a priori knowledge of the Helmholtz kernel; the other methods
are “kernel independent”. FMM2D’s low total runtimes observed in fig. 9a can be attributed to the
fact that this method does not need to perform expensive precomputation steps to compress the
kernel, which are required by the other methods. Figure 9b shows that once the pre-computation is
completed PCFFT is able to apply the charge vector an order of magnitude faster than other methods.
Preliminary experiments were conducted with BBFMM2D [67], a C++ implementation of the black-box
fast multipole method [25], but this method was unable to accurately compress the highly-oscillatory
Helmholtz kernel for this problem.

3D scaling In three spatial dimensions, we run two similar comparisons. First, we investigate
approximating sums with a three-dimensional single-layer Laplace kernel,

1

K -
@)= e ol
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Figure 9: Comparing 2D fast summation algorithms computing an N-body sum with a Helmholtz kernel and error
tolerance € = 10~°. Figure 9a shows the total time to compute the N-body sum. The PCFFT method’s run time
is dominated by the precomputation of the correction matrix. Figure 9b shows the time spent applying the charge
vector 0. PCFFT is much faster in this stage because it relies on optimized FFT codes and sparse linear algebra.

with uniformly-sampled source and target point distributions over the box [—1,1]3. This experiment
allows us to compare the scaling of our method with other highly-optimized methods designed for fast
electrostatic calculations. Second, we investigating approximating sums with a three-dimensional
single-layer Helmholtz kernel,

X etkllz—yll
Y = Skl

with source and target point distributions generated by a triangulation of the surface shown in fig. 14.

We start with a coarse triangulation and generate larger problem sizes by randomly choosing patches

to subdivide. This experiment allows us to measure the scaling of our method in realistic integral

equation settings.

We compare the performance of different methods: PCFFT and IFMM, which provide a single inter-
face for both two- and three-dimensional problems; FMM3D [5], a Fortran code called from MATLAB
implementing the fast multipole method for the Helmholtz kernel; ESP [32], a C++ /Fortran code
implementing a fast Ewald summation method [44]; DMK [32], a C++/Fortran code implementing the
dual-space multilevel kernel method [38]; and BBFMM3D [66], a C++ implementation of the black-box
fast multipole method.

In fig. 10, we show the results of the 3D scaling experiment with the Laplace kernel. We see
the optimized codes designed specifically for the Laplace kernel are much more performant than the
kernel-independent codes, PCFFT, IFMM, and BBFMM. Again, PCFFT has the fastest apply step of these
algorithms. In fig. 11, we show the results of the 3D scaling experiment with the Helmholtz kernel.
In this setting, the differences in apply step timings is more stark: after a precomputation step,
PCFFT can apply the compressed kernel nearly an order of magnitude faster than the other methods.
In an integral equation setting, where repeated applications of the kernel operator are required, the
cost of the precomputation step will be quickly amortized. In the 3D Helmholtz scaling test, we
performed preliminary experiments with BBFMM3D but found it could not accurately compress this
oscillatory kernel.

Boundary integral equation solve In this experiment, we verify the claim that our method is able
to improve the runtime of algorithms solving boundary integral equations. We solve a Helmholtz
scattering problem with sound-hard scatterers. Let £2 C R? denote the union of scatterers, which
have piecewise smooth boundary df2. We use the same starfish-shaped scatterers as in the previous
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Figure 10: Scaling comparison for the 3D Laplace kernel. Figure 10a shows the total time to compute the N-body
sum. FMM3D, DMK, and ESP are all highly-optimized codes specifically designed for the Laplace kernel, and are much
faster than the others because they avoid expensive precomputation steps. Figure 10b shows time spent applying the
charge vector o. PCFFT is much faster than the others in this stage because algorithm 1 relies on optimized FFT codes

and sparse linear algebra.

10° T 10? T
—e—PCFFT —e—PCFFT
—= -FMM3D —u -FMM3D
IFMM IFMM -
- - O(NlogN) - - O(NlogN) -
= O - T
) S 1l =7
=] 2 g 1075~ ]
-3 10 i k| ;- ,
—_ =) -
2 = _
o oy -
2 _ 3 .-
- o=
- -7 -2 >
_ - 100077 1
0 2~ 1 ‘
10° 10° 10° 10°
N N

(a) Timing the full computation {z,y,o0} — u. (b) Timing the apply step o — wu.

Figure 11: Scaling comparison for the 3D Helmholtz kernel. Comparing 3D fast summation algorithms computing an
N-body sum with a Helmholtz kernel and error tolerance e = 10~5. Figure 1la: total time to compute the N-body
sum. The PCFFT method’s time is dominated by the precomputation of the correction matrix. Figure 11b: time
spent applying the charge vector o. PCFFT is much faster in this stage because it relies on optimized FFT codes
and sparse linear algebra.

2D scaling experiment. We compute a solution u(z) of the following partial differential equation:

Au(x) + k*u(z) = 0,
Onu(z) = g(z),

VT (8u - zku) — 0,
or

x € R\,

x € 012, (3.1)

r = ||lz|| = oc.
We solve this problem using the single layer representation

Gr(z,y)o(y)dy,
on

u(x) =

where G (z,y) = iHél)(||w —y||) is the 2D Helmholtz Green’s function. This representation solves
eq. (3.1) provided o solves the integral equation

ST [ ow il oty = @) (32)
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Figure 12: Comparing the solution times of a BIE formulation of a Helmholtz scattering problem. Figure 12a: total
time to solve the boundary integral equation eq. (3.2). All methods use all 16 cores on a Macbook Pro M4. Figure 12b:
visualizing the imaginary part of the solution at the largest problem size. Different problem sizes are generated by
adding starfish scatterers to the domain.

on 0f2. To generate a variety of problem sizes in this setting, we add more and more starfish-shaped
scatterers to the domain. The addition of each scatterer both increases the number of discretization
points, and increases the conditioning of the problem as multiple-scattering effects are increased.

In this experiment, we use both PCFFT and FMM2D to accelerate the application of the boundary
integral operator eq. (3.2), and solve the resulting linear system iteratively using GMRES. We also
measure the runtime of RSKELF, a recursive skeletonization based direct solver which computes a
factored inverse of the operator in eq. (3.2). Figure 12 shows the results of this scaling experiment.
At Npis = 13,168, the iterative methods require 526 GMRES iterations and PCFFT is faster than
the direct solver. At the two largest problem sizes, the direct solver computes the solution faster
than both iterative methods, which require 804 and 916 GMRES iterations on these problem sizes,
respectively.

4 Examples

We now demonstrate the our algorithm on a few applications, focusing on integral equation settings
where Fourier analysis based fast N-body algorithms are unavailable.

4.1 Eigendecomposition of the flexural clamped plate biharmonic problem

We use the kernels introduced in section 2.4 to find eigenvalues and eigenfunctions of the biharmonic
operator with clamped plate boundary conditions. That is, for a given 2D domain {2, we search for
pairs k and u which solve eq. (2.8). We use three domains {2, corresponding to the shape of the A-23
iceberg, which was pushed into the Weddell Sea and was suddenly broken apart by storms between
July and September, 2025. We construct {21, {25, and {23 by tracing high-resolution satellite imagery
of the iceberg in July, August, and September of 2025, respectively [18, 19, 20]. This experiment
gives us insight to how the eigenfunctions and eigenvalues change with the changing iceberg shape.

A popular class of methods for finding these eigenvalues involve looking for poles of the function

S(k) = 1/(f"F;'g),

where F}; is a discrete system matrix of the system at wavenumber k. Methods of this form include
contour integration methods, such as those developed in [6, 15], and methods that directly look for
roots of S(k) [12, 21] and related functions (see [9, 74]). In this example, we use the later method,
building a Chebyshev expansion of S(k). For Fj, is the boundary integral operator corresponding to
the clamped plate biharmonic problem in the left-hand side of eq. (2.8), with wavenumber k. The
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Figure 13: Eigenfunctions of the clamped plate biharmonic operator on three different iceberg geometries. Each
subfigure shows an individual eigenfunction. As solutions of eq. (2.8) with zero boundary data, both w and Onu must
vanish on the boundary, and A2y must hold on the interior. Statistics of the computation required to find these
eigenfunctions are described in table 2.

operator Fj will be the map from auxiliary densities to boundary data g = (g1,92). Thus, F !
maps from boundary data to auxiliary densities defining the solution. If k£ is an eigenvalue of the
operator, the resonance will cause a pole in S(k).

To find the poles of S(k), we set a search interval k € [12,16], discretize the interval with 80
Chebyshev points, and evaluate S(k) at these points. At each value of k, we compute F} Ly by
solving the resulting boundary integral equation iteratively using GMRES, where the matrix-vector
products are accelerated using PCFFT. Given samples of S(k) at Chebyshev points, we fit a Chebyshev
series for 1/5(k) and find the zeros of this function. The roots of 1/5(k) are poles of S(k) and,
equivalently, resonant wavenumbers of eq. (2.8). Once we have found an eigenvalue k, we find an
auxiliary density in the nullspace of F ! Because we are at a resonance, we expect to incur a
large iteration complexity to solve this problem, so we use the RSKELF direct solver, implemented in
FLAM [34].

We conduct the search for eigenvalues and eigenfunctions using three iceberg geometry shapes.
Table 2 contains statistics of this experiment. Figure 13 shows the recovered eigenfunctions on the
three different geometries. Even with a relatively un-optimized algorithm for finding roots of S(k),
we are able to solve these nonlinear eigenvalue problems quite efficiently.

Geometry Eigenvalues Search interval  Npts  Niter.  Tres.  TLdir.
(0 {13.02,14.10,15.16,15.97}  [12,16] 4,928 48.7 119 329
25 {12.39,14.89,15.87} [12,16] 7,104 56.5 174 92.6
(23 {13.71,14.33} [12,16] 3,280 59.6 9.4 27.5

Table 2: Statistics of the eigendecomposition experiment. For each geometry, the eigenvalues found by our search
are shown in the second column. The third column shows the interval over which we searched for eigenvalues. The
remaining columns are Npts: number of discretization points along the boundary, niter.: average number of GMRES
iterations needed to solve each clamped plate boundary value problem, Tres.: average time (seconds) to solve each
bounday integral equations when sampling the resolvent S(k), and Ty;,.: average time (seconds) required by the direct
solver to compute each eigenfunction. Visualizations of the eigenfunctions are provided in fig. 13.

4.2 Surface Helmholtz

As our next example, we solve the Helmholtz-Beltrami problem on the “chainlink torus” surface I"
depicted in fig. 14:
(Ar +k(z)*)u(z) = f(z) on I, (4.1)
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where A is the Laplace-Beltrami operator. We solve this equation using a modification of the
parametrix method introduced in [30]. In short, we suppose that

uw) = [ - 1og(e ~ )oty)dy.

for some unknown density o. The calculations in [30] show that this u will solve the Helmholtz-
Beltrami equation provided

o(x) + /F R(z,y)o(y) dy = f(x) (4.2)

for all € I', where the remainder kernel is

R(z,y) = % [(W) — QH(:C)W + E*(z) log(x — y)| ,

and H(x) is the mean curvature of I". In [30], the authors solve the same problem using a Hankel
function with a characteristic frequency instead of the logarithm. We choose this representation as it
is real-valued and requires a smaller ngpread. We discretize the integral equation using the collocation
scheme fmm3dbie [2]. In short, this package splits the surface into high order Koornwinder patches
discretized with Vioreanu-Rokhlin nodes [65]. For every patch, the targets are split into a near-
field where is special quadrature is used, and a far-field where a consistent oversampled smooth
quadrature rule is used. To apply the operators with our algorithm, we simply use the oversampled
nodes as the sources and the original discretization as the target. We then add a sparse matrix of
corrections to apply the near-field quadratures.

-2

Figure 14: An example solution of the Helmholtz-Beltrami equation eq. (4.1). The “chainlink torus” surface I" is a
smooth surface triangulated with 7,797 patches.

For our experiment, we used k(xz) = 4 — 4 cos(2x2); the source f(x) and wavenumber k(x) are
shown in fig. 15. An analytic solution test indicates that the solution is accurate to 4 digits. The
surface was discretized with 350,865 points belonging to the 7,797 8" order patches. It took 26
seconds to generate the quadratures. For the far-field quadrature fmm3dbie oversamples the surface
to 14*™ order, resulting 674,924 nodes. The precorrected-FFT precomputation with these sources
and targets took 181 seconds for the remainder and 180 seconds for the parametrix. Each application
of the system matrix took 1.50 seconds. The solve required 365 GMRES iterations which took 899
seconds. Overall the entire solver used 48 GB of memory.
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Figure 15: The example right hand side source function f(z) (left) and wavenumber k(x) (right) used to generate the
Helmholtz-Beltrami solution in fig. 14.

4.3 Lens optimization

As a final example, we consider a simple lens design problem inspired by [64]. In that work, 3D
printing is used to build a lens out of a dielectric material with a variable density. In this example
we consider a simpler 2D lens and model the field using a scalar Helmholtz equation. We model this
as a compact region (2 with a local wavenumber k(x) = \/k? + ¢(x) that is customizable between
some maximum and minimum allowable values. Outside of the lens, we suppose that the field has
wavenumber k.

Our goal will be to choose the wavenumber so that an incident planewave u'™ is focused to yield
the largest possible intensity at the focal point xy. The total field can be split u = u™ 4+ 1*¢, where
the scattered field satisfies the Sommerfeld radiation conditions and the equations

AutS(x) + k2u(x) = 0, x in R?\ £,
Au*(z) + (q(z) + kD)™ (z) = —(q(z) + k% — k3)u™(x),  in 2, (43)
[[w]](®) = 0, x on 042,
[Onu™])(x) =0, x on 012,

where [[u*¢]] and [[0,u"]] are the jump in the scattered field and its normal derivative across 912

respectively. This is equivalent to looking for the weak (i.e. HZ_.) solution of the equation

(A+ K (x))u* (@) = —(k(x)* - k§)u™ (@)

in all of R? that satisfies the Sommerfeld radiation conditions. We will work to find a g(x) that
optimizes the intensity at the focal point xg:

Fla] = [u™(axo) + u* (o)

where x( is some point outside of 2. For this example, we choose {2 to be the interior of the squircle
satisfying

3+ 09233 =1

which is shown in fig. 16. The focal point is chosen as o = (4,0). We represent ¢ using a global 6**
order tensor product Chebyshev basis, supported on the square that just contains the region (2. To
improve the conditioning, we use a QR factorization (weighted by the square root of the quadrature
weights in §2) to orthogonalize the basis on (2.
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To solve this optimization problem efficiently, we must efficiently compute the Fréchet derivative
of the scattered field with respect to perturbations of g. If D[u]p is the Fréchet derivative of u*°
with respect to a perturbation q(x) — q(x) + hp(x), it will be the outgoing weak solution of

(A + K (2))(D[u*]p)(x) = —p(x) (" (2) + v (z))

(see [7]). The strong form of this equation is identical to eq. (4.3) with a new volumetric source in
(2. To simplify the computation, we introduce w, the weak solution of

(A+ K (z))w(z) = 6(x — x0)

(i.e. the field generated by a point source at the focal point xp). A straightforward integration by
parts argument [7] then shows that

(D[]p) (o) = v(ao) = /

R2

(D[u*]p) (@)5(x — @0) da = / (DIIp)(@)(A + 1 (@) u(z) da

= / (A + k(@) (D[u*]p) (x)w(z) d = —/ p(a) (W™ (z) + v (x))w(z) d.
R2 2

The advantage of this approach is that we can compute the partial derivative of the field at xy with
respect to all of the Chebyshev coefficients defining g with two solves, one to find ©* and one to find
w, followed by one inner product per basis function. After some applications of the chain rule, this
approach allows us to compute the gradient of the objective function with respect to the coefficients
defining ¢g. This in turn allows us to optimize the objective function F[q] using BFGS [10, 24, 61, 28]
and a backtracking line search with the initial condition ¢(x) = 0.

In order to solve eq. (4.3) at each step, we represent the scattered field using a volume potential
o supported in {2 and layer potentials 7 and p supported on 042:

@)= [ Gule-yuwdy+ [ duyCile-vou)dy = e\,
X9 o

%

where Gy, (z) = ZHél)(konH) is the Green’s function for the exterior problem, and

W (x) = / Guul@—y)o(y)dy+ /8 Gu(@—yn(y)dy + /a On G (@~ W)oly) dy @ € 2

where Gy, is the Green’s function for the prototypical interior wavenumber. Plugging this rep-
resentation into eq. (4.3) yields a Fredholm second kind equation that can solved for o,n,p. We
then discretize {2 using fmm3dbie and Of? using chunkie. We apply the operator quickly using
two precorrected-FFTs, one at wavenumber k1, and a small one involving only boundary nodes at
wavenumber k. Since kg and k; are fixed, the quadrature corrections, spreading operators, and
near-field corrections can be pre-computed and reused at each optimization step.

It is worth remarking that eq. (4.3) can also be solved by using the much simpler representation
u(x) = [, G, (x — y)o(y) dy for all z € R?, but we have found that our representation requires
substantially fewer GMRES iterations for small ¢ (33 versus 66 iterations for (ko, k1) = (4,6) and
q(x) = —1in £2), likely because our representation uses a more representative wavenumber k; inside
{2. We have found that the decreased number of iterations outweighs the increased cost associated
with adding discretization points on the boundary and the second small precorrected-FFT per
GMRES iteration.

With our integral equation solver in hand, we run our BFGS optimizer to find an improved lens
with kg = 4, k1 = 6, and ¢ restricted to live in [—10,10]. We stopped the optimization after 132
iterations, when the norm of the gradient first dropped below 10~3. The resulting field intensity
and wavenumber are shown in fig. 16. The intensity at o = (4,0) is |[u'(zg) + u*(zo)[* = 5.1.
For comparison, the best constant wavenumber k € [5,7] = k1 + [—1,1] was 5, which generated
an intensity of 4.79. The discretization has 20,138 unknowns and used an average of 60.2 GMRES
iterations per solve with a tolerance of 107°. The total time to solve the optimization problem was
2,041 seconds.
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Figure 16: The field intensity '|ui" + u%¢|2 (16a) and wavenumber k(x) (16b) for the lens chosen to maximize the
intensity at &g = (4,0) when u' is a plane wave coming from the left.

5 Conclusion

In this work, we present a modification of the precorrected-FFT method that allows it to be used for a
generic kernels. The method uses a series of proxy shells to build spreading operators that map point
charges to equivalent charges on a grid. We also present and test an algorithm for systematically
choosing the proxy points and spreading grids without the need for analytical knowledge of the kernel.
The method is therefore flexible and can trivially be applied to new problem. To demonstrate the
effectiveness of the new flexible version of the precorrected-FFT, we use it to solve accelerate integral
equation approach for a variety of PDE problems.

So far, this work has been limited to scalar-valued kernels. While the presented algorithm should
extend directly to vectored-valued problems, such as those considered in [63], efficient implemen-
tations remains an open question. In order to offset the extra cost for these problems, we plan to
explore GPU implementations of the algorithm.
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